Abstract There has been much work over the past two decades to aid the design and assessment engineer in the selection of a suitable material model of creep for high temperature applications.
Introduction
High temperature design continues to be a problem for many industries and the appropriate characterization of material creep behavior remains fundamental to this. Over the past few decades the development of constitutive relations for highly nonlinear time dependent inelastic material behavior has become increasingly sophisticated, often requiring several kinds of mechanical testing.
The work of the European Collaborative Committee (ECCC) and the Japanese National Institute of Materials Science (NIMS) have been notable in collecting high quality verified creep data to allow researchers to develop and test suitable constitutive models. In the past the use of such advanced material models for design and assessment was not feasible due to the lack of suitable computational resources: instead simplified design methods were developed based on simple constitutive models such as time-and strain-hardening combined with power law creep [1, 2, 3] . These simplified methods have formed the basis for several high temperature design rules [4, 5] . In more recent years the ready availability of nonlinear finite element computational tools has made the use of advanced material models much more accessible, in particular through user material capabilities as found in software such as ABAQUS. Nevertheless most nonlinear finite element software continue to include the classical time-and strainhardening models together with the power law for steady creep amongst several others which have been around for many years. Anecdotal evidence is that these simple models are still widely used for complex finite element design studies. It appears that design engineers continue to prefer simple material models for the analysis of complex, as well as simple, structures.
Part of the work of the ECCC was to provide a source of verified and technically robust creep data for detailed finite element creep analysis and to aid the design engineer in material model selection. A paper by Holdsworth et al [6] examined the issue of the choice of the most appropriate creep model. They investigated the performance of a wide range of creep models on a number of creep datasetsseveral of these models being modern developments of the classical creep models.
No one creep model was identified as having the best performance in terms of representing the creep data over all three stages of creep (primary, secondary and tertiary) with some being more reliable for the primary/secondary stages and some more reliable for tertiary creep, with a few models suitable for both. They concluded that '….. as a generality, it is more important for design and assessment engineers for the model equation to be simple to implement and effective in its description of creep deformation at long times …". A particular example of such a creep model which satisfied these practical constraints was identified as Bolton's Characteristic Strain Model [7] . The Characteristic Strain Model (CSM) remarkably requires a minimum of creep data -essentially two values of rupture strength from creep rupture data in the tertiary creep regime and, from the primary/secondary regime of a single creep test, the stress required to bring the material to a 'characteristic strain', nominally half the value of creep strain at rupture. Despite the simplicity of the CSM, it was shown to achieve satisfactory predictions of creep strain at constant stress over all three stages of creep deformation in comparison with more sophisticated creep models which required much more creep data [6, 7] . More recently Bolton [8] has extended the model to include creep recovery (the Duplex Characteristic Strain Model -DCSM). The Characteristic Strain Model is simple to construct mathematically, requires a minimum of creep data and relies on creep rupture data, while being simple enough for the type analytical solutions for simple structures still used by design engineers as well as being suitable for detailed finite element analysis. In a companion paper to [7] , Bolton [9] discussed the analysis of structures based on the CSM in a form suitable for design engineers. In this paper, the analysis of structures will be examined to put this new model into the context of conventional creep mechanics. 
where B and n are constants determined from uniaxial creep testing. Use of a power law relation reflects an almost linear relationship between log(minimum creep rate) and log(stress) which is often found in creep tests with the slope being the power exponent n. Typical results for an austenitic stainless steel AISI 316L(N) taken from Rieth et al [10] are shown in Fig. 1 . However as a starting point for the development of the Characteristic Strain Model for creep Bolton [7] noted that it was often observed from data on creep-resistant steels that the value of the slope of such a log-log plot varied considerably. When the applied stress was small compared to the rupture strength the slope tended towards a value of n = 1, but when the stress was a large compared to the rupture strength the slope became large. Many metals and alloys typically exhibit different regimes with n  1 at low stresses and n  4 or 5 at higher stress levels with n increasing again in the 'power law breakdown' regime [11] . This is illustrated in Fig. 2 , taken from [11] based on data on 0.5Cr0.5Mo0.25V steel from Evans et al. [12] . Indeed at lower temperatures (although still above that for creep) even the data from [10] shows similar behavior, Fig.3 . Numerous attempts have been made to find a continuous curve to describe this behavior over the complete stress range, principal amongst these being the hyperbolic sine relationship
and the combined equation proposed by Garofalo [13] min sinh( )
where B, C and n are constants. Williams & Wilshire proposed the 'transition stress' model [14] for the physical mechanisms associated with power law
where B and p are constants and  p is the transition stress. For the transition from low to moderate stress Naumenko et al [15] proposed a constitutive relationship which assumed that the physical mechanisms were independent and that the corresponding creep rates could simply be added giving a 'modified power law': The standard creep curves from conventional uniaxial testing represent the variation of creep strain with time for various levels of stress [6] . These curves can be presented in different forms -the two most useful being the so-called isochronous and isostrain forms, Fig.5 . In the former, Fig. 5(a) , contours of constant time are plotted on a log-log plot of strain rate, or strain, versus stress.
This type of plot is useful in determining the stress-strain relationship for the material; plots of log strain rate against log stress will tend to remain constant at the minimum strain rate during secondary (steady) creep. In the latter, Fig.5(b) , contours of constant strain are plotted on a log-log plot of stress versus time. For a given stress level this type of plot would indicate the time at which a given strain was reached; plots of log stress against log time would tend to cluster in tertiary creep as rupture approached indicating the relationship between stress and rupture time. In [7] Bolton argues that the slope of the isochronous curves at low strain tend toward a value of 1, but at high strain the slope tends toward infinity. Then in terms of total creep strain,  c , and applied stress, , the slope of the isochronous curves could be approximated by
where  R is the rupture strength at an appropriate time. This gives a stress dependent slope for an isochronous curve, varying from 1 n  as 0
 . For the power law, Eqn. (1), the slope, n, of Eqn. (6) is constant,
Integrating Eqn. (6) gives the relationship between creep strain and constant stress at a given time,
where the integration constant ch  is interpreted as a 'characteristic strain' inferred to be a material constant at a given time and temperature. In [7] it is shown that ch  can be written as
where 1 R  is the rupture strength at some time t 1 (from an isostrain curve,  is some datum stress to produce a datum creep strain, d  , in time t 1 ; the latter could be the strain at half the rupture strain as an example.
Further it is shown that R  can be approximated as 
A model for steady creep
The basic model, Eqns. (7), (8) (5) which are based the measured minimum creep rate, the CS model varies continuously with time; for example with the following values taken from [9] Rupture strength at 100,000h = 150MPa
Rupture strength at 200,000h = 120MPa 0.2% Creep strength at 100,000 = 75MPa (equivalent to ch  = 0.2%) the variation of creep strain and creep rate with time are plotted in Fig.6 . In a study of the characteristics of simple structures it is more convenient to have a version of CSM for steady creep, equivalent to Eqns. (1)- (5) corresponding to the isochronous curve for minimum creep rate against stress, Fig.5(a) . Then using the same procedure as Sec.2.1, this would take the form
where, in this case, ch  and R  can only be interpreted as material parameters which should, at least in the first instance, have a best-fit to the minimum creep rate/stress isochronous curve, as would be done with the models in Eqns. (1)- (5). 
Simple component behavior 3.1 Pure bending of a beam
The classic problem of the pure bending of a rectangular cross section (b  h)
beam with a modified power law (stress range dependent constitutive model) subjected to a bending moment M has been considered by Naumenko, Altenbach & Gorash [15] for the modified power law, Eqn.(5). The geometry and loading are as shown in Fig.8 . In the following, the notation from [15] is essentially maintained, but with minor variations.
Under a constant applied bending moment under secondary creep the rate of curvature   of the center-line of the beam is related, assuming pure bending, to the axial (longitudinal) creep strain rate
where z is measured from the center-line as shown in Fig. 8 .
The bending moment is related to the axial stress  x through the equilibrium
The constitutive equation is taken as Eqn. (10).
Dimensionless (normalized) variables are defined as
Introducing a dimensionless load factor Then the rate of change of normalized curvature  can be found, for a prescribed load factor  from a solution of the non-linear equation
This can be integrated as
The longitudinal stress distribution s() as it varies with through the thickness  of the beam is then derived from the solution of the non-linear equation
As a reference, for pure power law creep, the solution to Eqns. (13) & (14) corresponds (using the current normalization scheme) n n n n s n n
For pure linear (viscous) behavior, the solution is equivalent to that for linear
We can then interpret the load factor  as the ratio of the maximum linear (elastic) stress in the beam to the nominal rupture stress R (without defining what this means too carefully). Of course both the classic steady state and linear elastic solutions can be normalized such that the normalized curvature rate and longitudinal stress are independent of the load factor .
Pressurized thick cylinder
The classic problem of a pressurized thick cylinder was also considered by Naumenko, Altenbach & Gorash [15, 16] as an example of secondary creep using a modified power law under multi-axial stress. In the following the notation of [15] is repeated, again with minor variations:
Assume that the cylinder is long and uniformly heated, with an inner radius a and an outer radius b, as shown in Fig. 9 and that plane strain conditions prevail. The geometry of the cylinder is best described by a cylindrical polar coordinate system (r, , z); then let the principal strain rates be ( , , ) 
where p is the internal pressure.
The solution procedure for this problem is well established [1, 2, 3] and relies on the condition of volume constancy (incompressibility)
, 0
to reveal that the radial displacement rate has the simple form
where C is an integration constant.
For the conditions of radially symmetric plane strain it may be shown that the hoop strain rate can be related to the equivalent von Mises stress,  , using the CSM, Eqn.(10) by
which may be combined with the first of Eqns. (18) and the boundary conditions (17) to obtain a nonlinear equation for the constant C (the details can be found in [15] or [16] ).
By introducing the dimensionless (normalized) variables 
where
For a prescribed radius ratio  and load factor  the normalized constant c can be obtained. Then the hoop and radial stress distributions, ( ), ( ) r      , as they vary with  , can be obtained as:
respectively. As with the beam in bending the results will depend upon the load factor .
The normalized maximum radial displacement rate occurs at the inside surface from Eqn. (19) and can be shown to be 
The linear (viscous) solution can be obtained from the above with n = 1.
Results
It is required to use some form of numerical analysis to solve each of the preceding problems since Eqns. 'skeletal point' [1] . The skeletal point is a point through the thickness where the stress is virtually independent of the creep law used, first noted by Anderson et al. [17] . In this case the skeletal point is almost independent of the load factor, the value of which determines which section of the log-log plot of creep strain rate against stress is applicable as the stress varies through the thickness of the beam.
The presence of a skeletal point in structures subject to creep was important to the development of 'reference stress' methodology for high temperature (creep) design [18, 19] ; the skeletal point concept was later extended by Seshadri [20] proportional to the applied load. Finally, the variation of maximum normalized stress, at the outside surface of the beam, as it varies with load factor,  , is shown in Fig.11 . It can be seen that the maximum normalized stress decreases with the load factor and the variation is essentially linear. Of course it should be noted that the (un-normalized) axial stress is obtained from the normalized stress through multiplication with M/W. In the case of the power law, Eqn. (15), the maximum normalized axial stress s/ does not depend on the load factor. In their analysis of a beam in bending using the modified power law, Eqn. (5), Naumenko et al [15] showed similar behavior to the Characteristic Strain Model. For a given value of power index, n, the maximum normalized stress decreases as the load factor increased -indeed quite dramatically [15, Fig5(a) ] with a highly nonlinear variation. This characteristic seems to derive from the use of varying slopes in a log-log plot of creep strain rate against stress in both models.
The simple thick cylinder problem allows a study of the Characteristic Strain
Model under a multi-axial stress state; the solution of Eqns. (21) & (22) depends on the load factor  as for the beam in bending, but also on a geometry factor -the radius ratio . In this study a fairly thick cylinder with  = 2.0 will be examined and in the following only the circumferential (hoop) stress will be considered; the radial stress, due to the nature of the boundary conditions, Eqns. (17), varies in a simple fashion from -p to zero. again almost independent of the load factor  and the same as that found for conventional power law creep [1, 2, 3] . The (un-normalized) stress is proportional to the applied pressure at the skeletal point. Finally, Fig.13 shows the variation of normalized hoop stress at both the inside and outside surfaces with the load factor.
The normalized stress at the inside surface decreases with load factor while the normalized stress at the outside surface increases with load factor. In both cases the variation is essentially linear. Similar behavior for the thick cylinder was found by Naumenko et al. [15] using the modified power law, Eq. 
A more complex example
The previous simple examples have demonstrated some of the features of the behavior of the Characteristic Strain Model for creep. Generally the existence of a skeletal point remains, while the maximum normalized stress is dependent on the load factor in a manner which is not necessarily linear, as in the case of power law creep. The latter is most likely due to the Characteristic Strain Model having a continuously varying slope in an isochronous log-log plot of creep strain rate against stress rather than the power law which has a constant slope. A final, more complex example is now examined to see some of these features are valid in general:
The effect of notch sensitivity on creep failure has traditionally been studied using Webster et al [22] as part of the development of the European Code. This will now be re-examined using the Characteristic Strain Model.
The configuration of the blunt notch studied by Webster et al [22] is shown in . The analysis was repeated here firstly using ANSYS:
part of the mesh is shown in Fig.14(b) . The variation of the equivalent (Von Mises) stress across the notch throat for various values of the power exponent n is shown in Fig.15 and is essentially identical to that found by Webster et al [22, Fig.3] there being at most a 5% difference. A skeletal point at a distance of about 2.5mm from the center can be seen.
This analysis was repeated using the Characteristic Strain Model. The which has varying slope in a log-log plot of creep strain rate against stress.
Discussion & Conclusions
The Characteristic Strain Model [7] for creep material behavior requires a minimum of creep data -two values of rupture strength from creep rupture data and the stress required to bring the material to a 'characteristic strain', typically half the value of creep strain at rupture. In comparison with more complex material creep models, it has been shown to perform very well [6] . It is simple to implement and can describe creep response over the whole creep regime, from primary through to tertiary -features which are particularly attractive to design and assessment engineers. Although it is intended for use in a description of the behavior of structures and components over the whole creep regime, it should be able to model observed behavior for the extended secondary regime under constant load conditions. Bolton [8] Three structures have been analyzed: a beam in bending, a pressurized thick cylinder and a notched bar. It has been shown that the CSM can simulate stress distributions found using more traditional steady creep models, in particular the power law. In all three structures a skeletal point [1, 2, 3 &18] can be observed at a location essentially the same as that found for the power law. The skeletal point in this case corresponds to location in the structure where some normalized stress (normalized with respect to the applied load in some sense) is independent of a load factor. Unlike power law creep, stresses are no longer proportional to the applied load -rather in all three structures it is observed that the maximum normalized stress (at the location of maximum elastic stress) reduces with increasing load factor. This behavior has been observed for other creep laws where the slope of a log-log plot of creep rate against stress varies -for example the modified power law [15] which has one slope for low stress and another for high stress. The Characteristic Strain Model has a continuously varying slope, Fig.7 . The implication being that maximum stress corresponding to the Characteristic Strain Model would be less than that for the power law.
In conclusion, it has been shown that the Characteristic Strain Model is able to replicate several features of the recognized behavior of the steady state creep of simple structures under multi-axial stress. It is hoped that this will give confidence for a wider use of this model of material creep behavior. 
